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Robust H2 Design for Lateral Flight Control
of Highly Flexible Aircraft

Daniel Alazard¤

ONERA, 31055 Toulouse, France

A lateral � ight control design for a � exible aircraft is presented. It is based on a standard two-input–two output
problem formalism and H2 synthesis. The proposed approach consists of two steps. The � rst step deals with the
synthesis of a dynamic output feedback satisfying modal speci� cations on the rigid modes, stability requirements
on the structure, and performance robustness with respect to the various loading cases. The originality in the
synthesis setup proposed is that it combines eigenstructure assignment, H2 frequency domain synthesis, and
parametric robustness design. The second step uses a recent theoretical result to transform a given compensator
into a linear quadratic Gaussian compensator involving a judiciously selected onboard model. The two-degree-of-
freedom compensator thus obtained allows time-domain speci� cations in response to the pilot’s commands to be
met satisfactorily. A detailed discussion is provided of the approach together with the aircraft models used and
corresponding closed-loop analysis.

Introduction

F LEXIBLE structuresgive rise to manycontrolproblemsand are
particularly relevant applications for the evaluation of control

lawsynthesistechniquesandalgorithms.Frequency-domainsynthe-
sis techniques (H1 , H2) are suitable to handle rolloff speci� cations
required to prevent spill over on the � exible modes, which are ne-
glected in the synthesis model.1 Additionally, to prevent pole/zero
cancellation,2 it is necessary to take into account parametric uncer-
tainties on the � exible modes to be controlled, that is, uncertainties
related to modes whose natural frequencies are within the band-
width of the loop transfer L.s/ D K .s/G.s/. The techniques of ¹
synthesis1 or parametric robust linear quadraticGaussian (PRLQG)
synthesis3 are good candidates for parametric robustness speci� ca-
tions. On the other hand, these frequency-domainor quadratic-type
techniquesare less suitable when the time domain or modal speci� -
cations (eigenvalue assignment, decoupling) on the rigid modes of
the system are required. The latter point is particularly signi� cant
within the context of � ight control laws and more particularly the
roll/yaw decouplingrequiredfor lateral � ight.4 The synthesis task is
actually a multiobjectivesynthesisproblem. Explicit model follow-
ing methods can be used to take into account decoupling require-
ments in the framework of optimal synthesis techniques,5 but these
approaches, by increasing the order of the (augmented) plant, also
increase the order of the compensator when dynamic output feed-
back is required. Sato and Suzuki propose an interesting approach
that combines an H1 estimator and a state feedback gain designed
byeigenstructureassignmentto overcomethisdif� culty.6 Moregen-
erally, the combination of eigenstructureassignment and quadratic
techniques is often mentioned in aeronautical applications.7¡9 Im-
plicit model following design is an alternativeto mix eigenstructure
assignment on a reduced-order model and linear quadratic regula-
tion on a full-ordermodel.10 In the same manner, the “cross standard
form” we propose in this paper is a competitive technique to com-
bine eigenstructureassignment and optimal (H2 or H1 ) syntheses.

In addition, it could be worthwhile to test different sensor con-
� gurations.Namely, it must be possible to modify the measurement
vector in the model without any adjustmentsof the synthesisproce-
dure, thus allowing direct analysisof the in� uence of the sensors on
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closed-loopbehavior.The traditional block diagrams of mixed sen-
sitivity or loop shapingare too weak to handle such constraints.The
synthesis structure we present here has been developed to take into
account various speci� cations (modal, frequencydomain, paramet-
ric robustness) and to evaluatevarious sensor con� gurations.These
evaluations are not presented in this paper due to the lack of space.

Finally, another point treated in this paper is feedforward con-
trol. Output feedback is generallydesignedon modal speci� cations,
disturbance rejection speci� cations, and robustness speci� cations.
However, the responses to the pilot’s commands and their transient
shapes (time-domain speci� cations) are crucial within the context
of � ight control systems and require a feedforward law.11 We pro-
pose a new approach for dynamic feedforward synthesis based on
the equivalentLQG structure.12

The � rst part of this paper outlines the models and the speci� -
cations. The second part deals with model analysis and reduction.
It proposes an approach combining the balanced reduction and an
analysisof the participationof � exiblemodes in the system fed back
by the rigid control law.13 The third part is the most important one
and is devoted to robust dynamic output feedback synthesis. Two
synthesesare presented:The � rst design is based on the rigid model
and only aims to satisfy the performances on the rigid modes and
the stability of the � exible modes; the second design specially han-
dles � exible mode damping. These modes are explicit parts of the
synthesis model to meet the requirements of comfort during turbu-
lence. In the � nal part, the nominal compensator is expressed as a
two-degree-of-freedomLQG compensator to improve response to
pilot’s commands.

Models and Speci� cations
The models used in this study are linearizedmodels of the lateral

motion of a � exible aircraft around equilibrium points. The system
is a large carrier aircraft in which � exibility was intentionally de-
graded to evaluate the relevance of control law synthesis techniques
in highly critical cases. The models† are 60th-orderstate-spacerep-
resentations with 2 control inputs (aileron de� ection @l and rudder
de� ection @n ) and 44 measurements:4 measurements (lateral accel-
eration nyi , roll rate pi , yaw rate ri , and roll angle Ái ) at 11 mea-
surementpoints regularlyspacedalong the fuselage(i D 1; : : : ; 11).
The state vector x contains 4 rigid states (yaw angle ¯, roll rate p,
yaw rate r , and roll angle Á), 36 states corresponding to 18 � exible
modes modeled between 8 and 80 rad/s (generalizedcoordinatesq j

†The reader will � nd the MATLAB® source � les required to load these
models and to run the main results presented in this paper online at
http:==www.cert.fr/fr/dcsd/CDIN/CDINPUB/alazard/AIAA JGCD/[cited
26 October 2001].
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and Pq j , j D 1; : : : ; 18), and 20 secondary states that represent the
dynamics of the servocontrol surfaces and aerodynamic lags.

The models are available for three different � ight conditions and
six different loading cases (corresponding to six distributions of
the mass inside the plane). The results presented involve only two
models under one � ight condition (a light model noted G1 and
a heavy model noted G2 ). We will also refer to the correspond-
ing rigid models (Gr

1 and Gr
2) in which only the four rigid states

(xr D [¯; p; r; Á]T ) are considered.
Let us denote the state-space representationof a model G j

i .s/:

G j
i .s/ ´

"
A j

i B j
i

C j
i D j

i

#
(1)

The following list summarizes the various speci� cations:
Dutch roll damping ratio >0:5, S1; templates on the step re-

sponses with respect to ¯ and p, S2; roll/yaw channel decoupling,
S3; no degradation of the damping ratios of � exible modes, or,
furthermore, an increase of the damping ratios of low-frequency
� exible modes to improve comfort during turbulence, S4; previous
performances must be robust with respect to the various loading
cases, S5; and use a reasonable number of measurements (between
4 and 10), S6.
The last speci� cation S6 is not common for control law design-
ers. Actually, the problem of sensor selection is not so independent
of the control design and depends on the control law objectives:
If there are no speci� cations on the damping of a structural mode
(passive synthesis), it is interesting to place gyrometers on a vibra-
tion antinode and a linear accelerometer on a vibration node. If we
want to damp this mode (active synthesis), this choice is arguable.
If redundant sensors can be used in various locations and if para-
metric robustnessrequirementsare taken into account, this problem
becomes very hard.Therefore,a design in which the tuningsdepend
only on the control objectives, not on the measurements used, can
be a very powerful tool.

Modal and time-domain speci� cations (S1–S3) involve the rigid
dynamics of the aircraft. If the system is assumed to be rigid, eigen-
structure assignment techniques are particularly effective at han-
dling these speci� cations, especially because we have a suf� cient
number of outputs (¸4) to implement an ideal rigid state feedback
by a static output feedback. These techniques will not be detailed
in this paper.14 A rigid state feedback Kxr on the four rigid states
xr was thus calculated on model Gr

1 to meet the following modal
speci� cations (see Chap. 8, pt. 3 in Ref. 4):

1) The Dutch roll mode is damped and assigned to ¡1 C 1:3i and
is decoupled from Á.

2) The pure roll mode is assigned to ¡1:1 and is decoupled from
¯ (that is, the natural dynamics is preserved).

3) The spiral mode is assigned to ¡1 and is decoupled from ¯ :
This mode is naturallyvery slow, even unstableon the heavy model.
This assignmentaims to accelerateits dynamicsup to 1 rad/s to meet
pilot’s requirements and control effort speci� cations independently
of feedforward control laws.

Note that eigenstructureassignment involves the rigid dynamics,
not the � exible dynamics . Although � exible mode damping could
be easily handled by eigenstructure design, such a design might
lead to undesirable high efforts on control surfaces. Thus, we have
chosen to handle � exible mode control by an H2 design (see section
“Active Synthesis”).

Time responses obtained on the rigid model Gr
1 are presented in

Fig. 1 (black curve). These responses satisfy (S1–S3) and will be
used as a reference to appreciate the solutions proposed on the full-
order models. This simulation plots the rigid state responses ¯.t/,
Á.t/, p.t/, and r.t/ to ¯ref and pref step inputs. In fact, the actual
command that is applied is

µ
@l

@n

¶
D H

2

4
¯ref

1
s

pref

3

5 ¡ Kxr xr (2)

Fig. 1 Nominal rigid simulations: Gr
1

(black) and Gr
2

(gray).

where H is a feedforward static matrix computed to ensure the
steady-state constraint

lim
t ! 1

µ
¯.t/

Á.t/

¶
D

µ
1 0

¡1 1

¶ 2

4
¯ref

1
s

pref

3

5 (3)

One can also observe in Fig. 1 that the responses obtained on Gr
2

(grey curve) are satisfactory (robustness speci� cation S5). Thus,
there is no robustness problem if the speci� cations and models are
limited to the rigid aircraft behavior, and the problem can now be
restated in the following manner:

1) Synthesize a control law satisfying the frequency domain and
modal speci� cations S4 on the � exible modes,

2) Preserve as much as possible the rigid performances obtained
with the modal gain K xr .
The whole processmust be carried out under the robustnessrequire-
ment S5 and the hardware constraint S6.

Model Analysis and Reduction
To evaluate the various syntheses, we will also analyze the root

locus of the loop transfer L.s/ D K .s/G.s/ obtained while varying
feedback gains from 0 to 1 simultaneouslyon both control channels
@l and @n (see Fig. 2 as an example; £ and C indicate open-loop
and closed-looppoles, respectively). Such a root locus is a powerful
graphical tool to verify that the rigid modes are correctly assigned,
thatno � exiblemode is destabilized(Fig. 3), and that critical � exible
modes are damped (Fig. 4). These root loci are plotted in the vicinity
of the imaginaryaxis and on a reducedfrequencyrange (0–40 rad/s):
the servo-controldynamics(around6 Hz)are not inside thiswindow.
Note thevery low-frequencydynamicson the real axis (aerodynamic
lags).

The number of measurements is higher than the number of rigid
states. Therefore, it is easy to compute the static output feedback
K y that is equivalent to the state feedback K xr ,

K y D Kxr

¡
Cr

1 ¡ Dr
1 K xr

¢C
(4)

with the pseudoinversenotation (least-square solution):

AC D .AT A/¡1 AT (5)

C r
1 and Dr

1 are the output and direct feedthrough matrices of model
Gr

1 restricted to the only measurements used. If we consider only
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Fig. 2 Ky6G1(s): root locus.

Fig. 3 ¡ K0(s)G1(s): root locus.

the four measurements n y i , pi , ri , and Ái at the measurement point
i , we will note these matrices Cr

1 i and Dr
1 i and the resulting gain

K y i .
We can then evaluate the couplings between rigid dynamics and

� exible dynamics by plotting the root locus of the loop obtained
when this output feedback K y is applied to the full model G1 or G2.
Such root loci have been performed for the 11 measurement points,
K y i ; i D 1; : : : ; 11. This analysis highlights that, in all cases, the
static output feedback designed to assign the rigid modes destabi-
lizes the � exiblemodesand that the rigid/� exibledynamiccouplings
are less signi� cant when the measurements at the aircraft center,
K y 6, are used (Fig. 2):

1) The trajectories of the � exible poles are less signi� cant in the
right-half plane,

2) The prescribed assignment on the rigid modes is clearly per-
turbedby dynamiccouplingswhen extrememeasurementpoints are
used, K y1 or K y11, particularly in the case of model G2.s/ (heavy

Fig. 4 ¡ K1(s)G1(s): root locus.

case), where the Dutch roll mode becomes unstable. Furthermore,
in the case of measurements at the aircraft center, the trajectories
from the rigid modes are insensitive to the loadingcase. This shows
that the measurement location with respect to the vibration nodes
is a critical factor for the stability of the various � exible and rigid
modes.

It can also be seen that some � exible modes, particularly the
� exible mode 2 (in order of increasing pulsations), are insensitive
to the various feedbacks K yi : The later are local modes that are
almost uncontrollableby the control inputs @l and @n . These modes
should, therefore, be reduced in the synthesis model.

Finally, we will also consider this root locus-based analysis of
rigid/� exible coupling, to evaluate how meaningful the reduced-
ordermodels are with respect to the control law synthesisproblems.
The model will be reduced as long as the shape of the root locus
obtained with the reduced model is qualitatively preserved. Flex-
ible modes and secondary modes have to be reduced in separate
ways. From a real block-diagonal realization, the � exible modes
are reduced by visual selection, the subspace associated with the
secondary modes is balanced and truncated. The four rigid modes
xr are systematicallypreserved.The reduced-ordersynthesismodel
thus obtained is noted G.s/. Figure 5 shows the root locus obtained
from a second-order reduction of the secondary dynamics (the cor-
respondingstatesare notedxp D [x1

p; x2
p]T ) and from theelimination

of � exible modes 2, 14, 15, 16, 17, and 18 on model G1 . The result-
ing model G.s/ is thus a 30th-ordermodel associatedwith the state
vector:

x D
£
xT

r ; xT
p ; : : : ; q j ; Pq j ; : : :

¤T
; j D 1; 3; 4; : : : ; 13 (6)

It can be observed in Fig. 5, by comparison with Fig. 2, that the
reduced model G.s/ is quite representative of dynamic couplings
up to 30 rad/s. Beyond this pulsation,some sensitive � exible modes
have been neglected and should be gain controlled.Thus, it will be
necessary to take into account a rolloff speci� cation to prevent spill
over on these modes.

The number of signi� cant low-frequency� exible modes we wish
to preserve in the synthesis model strongly depends on the control
law objectives.

1) In the case of a control law with a weak action on the � exible
modes, only the � rst � exible modes, if any, shall be preserved (see
section “Passive Synthesis”),

2) In the case of a very active law that aims at damping the � exible
modes in a given bandwidth, it will be necessary to keep all of the
sensitive modes in this bandwidth as well as some other modes to
prevent side effects (see section “Active Synthesis”).
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Fig. 5 Ky6G(s): root locus.

Output Feedback Synthesis by Multiobjective H2 Design
Cross Standard Form

The cross standard form we detail in this section is based on the
structure of LQG compensators and more generally on compen-
sators involving a state observer (with an estimation gain K f ) and
a state feedback (with a gain Kc ).

Let us consider a system de� ned by the general state representa-
tion (n states, m commands, and p outputs):

µ Px

y

¶
D

"
A B

C D

# "
x

u

#
(7)

and the standard problem Pp.s/ called cross standard form, associ-
ated with this system is

Pp.s/ :

2

64

Px

z

y

3

75 D

2

64
A K f B

Kc 0 Im

C Ip D

3

75

2

64

x

w

u

3

75 (8)

where Kc and K f indicate, respectively,a state feedback gain and a
state estimation gain both synthesized to meet some speci� cations
using a suitable technique (modal, LQG, etc.). We will also assume
that A ¡ BKc and A ¡ K f C are stable.

H2 and H1 syntheses carried out on the problem Pp.s/ provide
the same solution. This solution coincides with the LQG compen-
sator [noted KLQG.s/] built on Kc and K f is

"
POx

u

#
D

"
A ¡ BKC ¡ K f C C K f DKc K f

¡Kc 0

# "
Ox

y

#
(9)

Justi� cation
The state representationof the augmentedsystem Pp.s/ fed back

by the compensator KLQG.s/, that is, Fl [Pp.s/; KLQG.s/], is

2

64
Px
POx

z

3

75 D

2

64
A ¡B Kc K f

K f C A ¡ BKc ¡ K f C K f

Kc ¡Kc 0

3

75

2

64
x
Ox

w

3

75 (10)

Let us carry out the change of variable using the estimation error
"x D x ¡ Ox:

µ
x
Ox

¶
D M

µ
x

"x

¶
with M D

µ
In 0

In ¡In

¶
(11)

The new representationof Fl [Pp.s/; KLQG.s/] is
2

64
Px
P"x

z

3

75 D

2

4
A ¡ B Kc B Kc K f

0 A ¡ K f C 0

0 K c 0

3

5

2

64
x

"x

w

3

75 (12)

Note that the states "x associated with the estimation error are un-
controllable by w and that the plant states x are unobservableby z.
The transfer between w and z, therefore, vanishes:

Fl[Pp.s/; KLQG.s/] D 0 (13)

and, consequently,

kFl .Pp.s/; KLQG.s//k2 D kFl .Pp.s/; KLQG.s//k1 D 0 (14)

This compensator,KLQG, is thus the optimal solutionof the standard
problem Pp.s/ in H2 and H1 norm senses.

Practical Use
This result can be consideredas a generalization,for H2 and H1

criteria, of the solution to the LQ inverse problem, raised in the
1960s and 1970s, which consisted in � nding the LQ cost whose
minimization restores a given state feedback. This cross standard
form used as such is not of interest because it is necessary to know
gains Kc and K f to set up the problem Pp.s/ and � nally to � nd the
initial LQG compensator. On the other hand, from a state feedback
Kc satisfying some time-domain speci� cations, the cross standard
form can be very useful to initialize a standard setup that will be
completed by dynamic weightings to take into account frequency-
domain speci� cations. If the Kalman � lter gain K f is not speci� ed,
the cross standard form becomes the well-known output estimation
(OE) problem and is:

POE.s/ :D

2

64
A B1 B

Kc 0 I

C D21 D

3

75 (15)

It can then be shown [see Ref. 15 for proof and standard notations
in Eq. (15)] that the H2 or H1 optimal compensatoron this problem
assigns n closed-loop eigenvalues of the matrix A ¡ B Kc.

In our application, we computed a state feedback gain,

K D
£
K xr ; 0; : : : ; 0

¤
(16)

on the state x of the reduced model G [see Eq. (6)]. It is designed
to assign the four rigid modes. The synthesis setup to be used is
presented in Fig. 6 and can be clari� ed as follows:

1) A controlledoutput z1 D uC K x is used to in� ect the synthesis
toward the nominal rigid solution.

2) A controlled output z2 is used to specify an r th-order rolloff
beyond the pulsation !.

3) Very low measurementnoises w1 (" D 0:001) are used because
the number of measurementsis high enoughto estimatedirectlyand
statically the rigid states. This tuning leads to very fast dynamics in
the compensator,which can be reduced after the synthesis,

4) Initial conditions w2 are used on the four rigid states
(V D [I4 £ 4; 0; : : : ; 0]).

The output z2 actually weights the r th derivative of the control
signal u. This rolloff formulation is interesting because it does not
require speci� cation of the cutoff shape as in the case of high-
pass � lters usually introduced on the control signal. The open loop
feed-through transfer between u and [z1 z2]T reads [1 .s=!/r ]T .
[This rough calculus does not take into account the fast poles
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Fig. 6 Setup for rolloff and rigid performances.

(¡1000 rad/s) introduced in the pseudo-derivation]. The singular
valueof this transferexhibits the requiredrolloffcharacteristics,that
is, a unitary gain in low frequencyand a slope of 20r dB/decade be-
yond the pulsation !. Finally, it may seem surprisingthat the rolloff
speci� cation was not introduced on the measurement noises even
though doing so would have allowed the output z2 to be removed
and the problem to be an exact OE problem [Eq. (15)]. The reason
is simple. Because there are more measurementsthan control inputs
and because the set of measurements must be eventually modi� ed
(4–10 measurements among 44), we chose to introduce the rolloff
speci� cation on the control inputs rather than on the measurements
to 1) reduce the problemdimensionand, therefore, the compensator
order (in Fig. 6, there are as many � lters [s=!=.s=1000 C 1/]r as
control inputs, that is, two), and 2) get a tuning independentof mea-
surementsbecausethe only tuningparameterof the setup that would
require modi� cation due to a new set of measurements is the size
of the measurement noise w1. Its weight is marginal (" I ), and its
impact on the synthesis will be masked by truncating the fast poles
of the compensator.

Passive Synthesis
The passive synthesis consists in applying the earlier synthesis

setup (Fig. 6) to the rigid model Gr
1.s/ with four measurements at

the aircraft center, (i D 6), that is,

"
A B

C D

#
D

"
Ar

1 Br
1

Cr
1 6 Dr

16

#

; K D Kxr ; V D I4 £ 4

(17)

and in increasingr and decreasing! until the compensatorstabilizes
the full-ordermodel G1.s/. In fact, startingwith r D 2, we decrease
! as long as the rigid pole assignment is not too perturbed, then we
increase r if ! is too close to the rigid mode pulsations.The choice

r D 3; ! D ¼ rad/s .0:5 Hz/ (18)

leads to an interesting solution.The order of this problem, and con-
sequently the order of the compensator, is 10 (4 C 2 £ 3). This com-
pensator K0.s/ exhibits four very fast eigenvalues(see last section),
which are reduced using a diagonal realization.One can verify � ex-
ible mode stability on the root locus obtained with the full-order
model (Fig. 3). This property is robust to the various loading cases
becausethe synthesismodeldoes not take into accountthese � exible
modes.The compensatorpoles, locatedby grey £ symbol, are close
to the rigid plant poles. This indicates that the rolloff is in the low-
frequency range; therefore, compensator and rigid plant dynamics
are coupled. As a consequence, simulation results (not presented
here) reveal a slight deterioration of time-domain performances in
comparison to Fig. 1.

Fig. 7 Setup for active synthesis.

Active Synthesis
The precedings synthesis does not in� uence the � exible modes.

This can be interpreted on the root locus by the absence of trajecto-
ries starting from the � exible modes. They are in the same location
in open loop and in closed loop (Fig. 3). Thus, such a compen-
sator cannot improve comfort during turbulence. In this section, we
will seek to act on the � exible modes or more exactly to damp these
modes in closed loop.To do so, we will relax the rolloff speci� cation
to increase control law bandwidth up to 3 Hz, that is,

r D 2; ! D 6¼ rad/s (19)

The � exiblemodes that are sensitivein this frequencyrangewill also
be taken into account in the synthesis model. The synthesis model
now correspondsto the 30th-orderreducedmodel G.s/ in which 12
� exible modes are retained [see Eq. (6)]. The direct application of
the earlier synthesis setup (Fig. 6) does not allow the � exible modes
to be damped.The � exible states (q j and Pq j , j D 1; 3; 4; : : : ; 13) are
not weighted at the controlledoutputs z1 and z2 due to the structure
of gain K [Eq. (16)]. Therefore, it is necessary to complete the
synthesis setup according to Fig. 7. The vector output z3 directly
weighs the derived states Pq j of the 12 � exible modes through the
static matrix N . In this manner, one can directly modify the � exible
modedampingratiosby meansof a staticweighting½s . The nominal
tuning is quite simple and identically weights the � exible modes
below the rolloff pulsation !, whereas the modes just beyond this
pulsation are not weighted:

½s D diag.5; 5; 5; 5; 5; 5; 5; 5; 1; 0; 0; 0/ (20)

However, this solution is not robust with respect to the various load-
ing cases and is sensitive to the variations in the characteristics of
the � exible modes (frequencies, damping ratios); in fact, the com-
pensator reveals some zeros on the plant � exible poles. These can-
cellations express the tendency of optimal synthesis techniques to
inverse the plant locally. To prevent this behavior, model uncertain-
ties should be speci� ed in the standard problem. In this way, we
chose to take into account variations on � exible mode damping ra-
tios: the 12 inputs w3 (through the matrix M ) and the 12 outputs z3

(through the matrix N ) are given by the linear fractional transfor-
mation (LFT) modeling of these parametric variations, completed
by static weightings ½e (identical on all of the modes) and ½s , re-
spectively,

½e D 0:2 I12 £ 12 (21)

The LFT representationof additive variations ±» j on � exible mode
damping ratios » j can be performed in the following way.

Let A j , B j , and C j be the elementary blocks associated with
the � exible mode number j in the real normalized block-diagonal
realization of the model:
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A j D
µ

0 1

¡!2
j ¡2» j ! j

¶
; B j D

"
B1

j
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j

#
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£
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j C2
j

¤
(22)

then the LFT form reads:
2

666666666664

:::
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:::
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777777777775
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6666666664
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2

66666666664

:::

x1
j

x2
j
:::

w j

u

3

77777777775

(23)

w j D ±» j z j (24)

Normalized here means that, among all of the real block-diagonal
realizations, we chose the one which normalizes the input matrix
B j to

µ
0

1

¶

in the single-input case. In the multi-input case, we chose

B j k D
µ

0

1

¶

where B jk is the column of matrix B j associated with the input k
that dominates the j th mode controllability.

We recognize here the PRLQG procedure,16;17 set up into the
general H2 synthesis framework, which consists of desensitizing
the synthesis by increasing ½e as long as the performance is not too
signi� cantly degraded.Root loci shown in Fig. 4 (light case) and 8
(heavy case) correspond to the nominal tuning, designated K1.s/.
We can see that � exiblemode dampingratios are increasedin closed
loop and that this property is robust to the loading con� guration.

Finally, note that the tuning of the standard problem (Fig. 7) is
independentof the measurementsused. This property is particularly
attractivein thisproblemwhere the set ofmeasurementscan be mod-
i� ed. The results presented here (Figs. 4 and 8–12) were obtained
with a set of six measurements (ny 7, n y9 , p6, r1 , r11, Á6 ) selected by
an analysis of modal participationfactors on the measurements and
their sensitivity to loading.18

Two-Degree-of-Freedom Compensator Synthesis
by Equivalent LQG Structure

The preceding solution is interesting for its robust performance
properties,particularlythe robustnessof the damping introducedon
the � exible modes. On the other hand, the time responsespresented
in Fig. 9 are not satisfactory due to the overshoot of ¯, a non-
minimum phase response on Á for a step in ¯ref and a too slow a rise
time for p. Thus, it is necessaryto synthesizea dynamicfeedforward
to overcome these defects. This point is a very signi� cant aspect in
� ight control design.

The approach we propose here consists of rede� ning the earlier
output feedbackas an LQG compensator.12 This LQG compensator
will involve an onboard model, which will be integrated online ac-
cording to the structure shown in Fig. 10. We chose to use the rigid
model here as the onboard model. The uncontrollability from e of
the rigid states estimation modes leads to a dynamic feedforward
effect.19 Thus, we need not introduce additional dynamics such as
with classical structures, where the feedforward path and the feed-
back path are uncoupled. The structure we obtain is said to be a
two-degree-of-freedomcompensator.

Fig. 8 ¡ K1(s)G2(s): root locus.

Fig. 9 Simulations: K1(s) with G1 (black) and G2 (gray).

Fig. 10 YOULA parameterization with LQG structure.
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Fig. 11 Eigenvalue distribution (around rigid modes).

Fig. 12 Simulations with the two-degree-of-freedom equivalent LQG
compensator.

An algorithm has recently been proposed12 for the calculationof
the parameters Kc, K f , and Q.s/, which entirely de� ne the com-
pensator. Note that there are several solutions, depending on the
choice of the distribution of the closed-loop eigenvalues between
the state-feedbackdynamics [spec.A ¡ BK c/], the state-estimation
dynamics [spec.A ¡ K f C/], and the Youla parameter dynamics
[[spec.AQ/], where spec(¢) is the set of eigenvalues. The transfer
between e and u, that is, the feedforward path, depends directly on
this choice. The range of solutions can be reduced according to the
following considerations.

1) A set of self-conjugatedeigenvalues must be chosen to � nd a
real parameterization.

2) An uncontrollable (respectively, unobservable) eigenvalue in
the system must be selected in the state-feedbackdynamics (respec-
tively, state-estimationdynamics).

3) The state-estimation dynamics [spec.A ¡ K f C/] are usually
chosen faster than the state-feedbackdynamics [spec.A ¡ B Kc/].

The nominal compensator K1.s/ was � rst reduced to 20th order
(truncation in the balanced realization) and then transformed into
LQG form on the 4th-order rigid model (then, we obtain a 16th-
order Youla parameter). The closed-loopeigenvaluedistribution(in

the vicinity of the rigid dynamics) we have chosen is shown in
Fig. 11. The reference signal e really applied is

e D H

2

4
¯ref

1
s

pref

3

5 (25)

where H is a static feedforward matrix computed to ensure the
prescribed steady state [Eq. (3)]. The simulation thus obtained is
presented in Fig. 12. We can see that the overshoot on ¯ is reduced,
the nonminimum phase responseon Á has disappeared,the roll/yaw
decouplingis restored,and the settlingtime on p is halved.However,
this improvement in response has the undesirableeffect of exciting
the � exiblemodes.Nevertheless,the transientresponsesnow satisfy
the � ying quality requirements.

Conclusions
We presented a robust H2 design and its application to the lat-

eral � ight control laws of a highly � exible aircraft. The concept of
cross standard form allows roll/yaw channel decouplingto be taken
into account in this frequency-domainapproach,without increasing
the order of the augmented plant. This design allows the paramet-
ric robustness speci� cations to be taken into account implicitly, but
successfully.Although this design requires several steps, the tuning
of each step is simple and independent of the next step in such a
way that the tuning procedure is sequential. The number of tuning
parameters is not too high [K xr .2 £ 4/, r , !, ½s , ½e]. Finally, the
synthesis setup we proposed enables sensor location and selection
to be studied from the closed-loop robustness point of view, with-
out repeating the whole tuning process. This is certainly the most
interestingpropertyof this approach, although this property has not
been fully exploited in the scope of this paper.

The equivalent LQG form technique has been used to express
the compensator as a two-degree-of-freedomLQG compensator in-
volving the rigid onboard model. The dynamic feedforward effect
associatedwith this structure allows rigid mode transient responses
to the pilot’s commands to be mastered. Although the active damp-
ing produced by the control law is quite satisfactory, the � exible
mode contribution to these responses is still too signi� cant. Never-
theless, these encouraging results suggest that this technique could
be applied to onboard models more realistic than the rigid model.
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